Chapter 5

L ocal Regression Trees

In this chapter we explore the hypothesis of improving the acarracy of regression trees by
using smoother models at the tree leaves. Our proposal consists of using local regresson
models to improve this smoothness We all the resulting hybrid models, local regresson
trees. Locd regression is a non-parametric statistical methodology that provides smooth
modelling by not assuming any particular global form of the unknown regression function.
On the mntrary these models fit a functional form within the neighbourhood of the query
points. These models are known to provide highly accurate predictions over a wide range
of problems due to the asence of a “pre-defined” functional form. However, local
regression techniques are also known by their computational cost, low comprehensibil ity
and storage requirements. By integrating these techniques with regression trees, not only
we improve the acaracy of the trees, but also increase the computational efficiency and
comprehensibility of local models. In this chapter we describe the use of several alternative
models for the leaves of regression trees. We study their behaviour in several domains an
present their advantages and disadvantages. We show that local regression trees improve
significantly the accuracy of “standard” trees a the cost of some alditional computational
requirements and some lossof comprehensibility. Moreover, local regression trees are dso

more acarate than trees that use linea models in the leaves. We have also observed that
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local regression trees are ale to improve the acaracy of local modelling techniques in
some domains. Compared to these latter models our local regression trees improve the
level of computational efficiency allowing the gplication of local modelling techniques to
large data sets. Finally, we have compared local regression trees with three state-of-the-art
commercial regression systems, and observed that our models are quite competitive over a

wide range of domains.

5.1 Introduction

In this chapter we propose to improve the acarracy of regression trees by using local
models in their leaves, which leads to smoother approximations. The motivation for the
integration of these two different regression methodologies lies in existing work on model
seledion and combination. In effed, extensive experimental (e.g. Michie et. al. 199) and
theoretical (e.g. Schaffer, 1994 results have demonstrated that it is difficult to identify a
single best inductive method when considering a diverse set of problems. This has been
termed the seledive superiority problem by Broadley (1995 and results from the fad that
different algorithms use different preference bias in the seach for a model of the data. As
proved by Schaffer (no free lunch theorem) it is always possible to find a data set for
which any preference bias is inadquate. The same kind of difficulty arises when seaching
for the best parameter setting for a particular data set within a single leaning method.
Different parameter settings lead to dfferent models and we neeal to select one of these.
Moreover, there is no clea best setting over all possible domains. There have been two
main distinct pathways for dealing with the seledive superiority problem: model selection
and model combination. Before presenting local regresson trees that integrate ideas from
local modelling and regression trees, we briefly describe the eisting work on these two

main strategies for addressing the seledive superiority problem.
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Model SeledionthroughResampling

One way of trying to address the seledive superiority problem is to use resampling to
perform a data-oriented model selection. Using resampling we can obtain estimates of the
performance on unseen data of the different models and use these estimates to cary out a
seledion of the more alequate model (Schaffer, 1993). However, this can be tedious, if
the number of different algorithms is large. Moreover, resampling methods are always
limited by the amount of “information” present in the given training data, which may lead
to wrong decisions (Schaffer, 19937). We have cnfirmed this by observing that pruning
guided by resampling estimates may lead to worgt trees than not pruning at all (c.f. Figure
4.23), meaning that the estimates were mislealing.

Model SeledionthroughMeta-learning

Another adternative for addressing the problem of selecting the most adequate algorithm
for a given problem consists of trying to obtain meta-knowledge that somehow
charaderises the gplicability of different systems (Aha, 1992 Braalil et. al. 1994 Gama
& Braail, 19995. Gama and Brazil (1995 obtained this meta-knowledge with the help of
an induwctive algorithm. The data used in this meta-leaning task contained information of
previous experiments carried out with the alternative systems together with a set of

attributes charaderising each individual data set™.

Combining Predictions of different Models

One way of dealing with the fad that different algorithms use different preference bias that
can be useful in any domain, is to combine the predictions of the resulting models. Earlier
work related to the combination of different predictions exploited the notion of
redundancy. These notions are related becaise when we have redundant knowledge we
need to solve anflicts and combine evidence (Torgo, 1993). Cestnik and Bratko (1988

induced a set of redundant rules each charaderised by a aedibility score, which were then

%3 A recantly approved European Community research project caled METAL (htp://www.nce.up.ptliac/ML/METAL/)
is expeded to give amajor boost to thisresearch line.
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used to classfy new objeds. This idea of redundancy was taken further in the work by
Gams (1989, Buntine (1990, Kononenko (1991) and Torgo (1993), among cahers.
Following this initial thread, a series of works with stronger theoretical foundations has
emerged. Among these we @n mention Staded Generalization (Wolpert, 1992), Boosting
(Freund,1995 and Bagging (Breiman, 1996. All these gproaches proved to be successful
in terms of lealing to a significant acaracy increase. However, al of them have
drawbadks in terms of model comprehensibility. In effect, we no longer obtain a single

model that can be used to “explain” the predictions.

Combining Models instead of Predictions

Brazlil & Torgo (1990 combined individual models producing a single integrated theory,
instead of combining their predictions. Their INTEG system used randomly obtained sub-
samples of the training set to generate several alternative models using different learning
algorithms. In a subsequent phase the individual models were translated into a common
rule-based representation language. Eac rule was evaluated using an independent set of
data and this evaluation was used to build a single integrated model. The authors reported
significant acaracy gains using this method on some benchmark data sets, although this
approach requires that certain assumptions have been met. The firgt is the necesdty of a
common model representation language to which al individual models must be
translatable. The second is the requirement of a separate evaluation sample. While the
latter can be considered more or lessirrelevant in the light of the aurrent trend in data set
sizes, the former could be aproblem for some kind of systems (e.g. a neural network).
Still, this approadch hes the key advantage of producing a single cmprehensible and
acarate model of the given training set. Domingos (1997 presented a somewhat related
approach that also generates a single final model. His CMM system starts by generating
multiple models using variations of the training set. In a second step CMN creates a new
training set consisting of all original cases plus a new set of cases appended at the end.

This new data consists of randomly generated cases with the goa variable value given by
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the combined classificaion of the former individual models. This new training set is then
used in akind of second-level leaning step that produces the final model.

Another aternative form of combining models consists of performing a tighter
integration of the methodologies. Insteal of integrating the models generated by different
algorithms, we somehow integrate the methodology behind the algorithms aiming at being
able to take advantage of their different preference biases. For instance the RISE system
(Domingos, 1996 integrates instance-based leaning with rule-based induction. The
integration is achieved by using a single algorithm that does not distinguish between rules
and cases and uses the same representation language for both models. Another example of
tight integration occurs when multiple models are used to extend the representation
language of the leaning systems. Gama (1998 describes a methodology that performs a
kind of congtructive induction that extends the number of attributes describing each case
using other models to generate probability class distributions. In the more general
framework of Cascade Generalisation (Gama, 1998, several leaning systems are gplied
one after the other using increasingly more cmplex descriptions of the cases.

In summary, all these systems using tighter integration schemas try to take advantage
of the different biases of several basic learning systems. This is the same motivation
guiding the work described in this chapter, where we integrate local modelling with
regression trees. Section 5.3 describes how we perform such integration. Before presenting

such description we analyse in detail local modelling techniques.

5.2 Local Modelling

In Sedion 2.4.1.2 we have briefly described a set of regression methods usually known as
local models that belong to a dass of so called ‘lazy leaning’ algorithms. These
techniques have & main distinctive feature the fad that they do not obtain any
comprehensible model of the given training data that could be stored for future use. In

effed, the training phase of such methods consists basicaly of storing the training
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instances. Given a query case, local modelling methods sarch for the training cases in the
local neighbourhood of the query case and use them to obtain the prediction. The fad that
no rigid global functional form is assumed makes these techniques highly flexible & they

can theoretically fit any regression curve.

521 Kernd Modes

Kernel regression (Watson, 1964 Nadaraya, 1964 is a well-known local modelling
method. Predictions for query cases are obtained by averaging over the Y values of the
most similar training cases. The ceitral isuue of these models is thus the notion of
similarity, which is determined using a particular metric over the input space Given such
metric we can calculate the distance between any two cases. Different distance functions
exist like the Euclidean distance, L, norms, etc. (seefor instance Atkeson et al., 1997 for

an overview). In our work here we use an Euclidean function defined as,

d(xi,xj)z\/é"a w,” dX,,. X, P (5.1)

v=1

where,
X, is an instance vedor; X,, isthe value of variable v on instancei;
wi isthe weight of variablei;
and d(v,v,) is the distance between two variable values.

In order to avoid overweighing of discrete variables with respect to continuous variables
we use a ramping function (Hong, 1994 for the latter. This leals to the following

definition of distance between two variable values:

10 if nominalvariableandv, =v,
-:-1 if nominalvariableandv, * v,
dv,.v,)= [0 if numericvariableand)v, - v,|£T,, (52)

if numericvariableand|v1 - v2| 3 Ty

|
il o1
.:A.qu V2| TE%M T ) if numericvariableand T, <|V1 - V2| < T

eq



5.2 LOCAL MODELLING 17z

where,
Teq isathreshold for considering two numeric values equal;
and Tgir isasimilar threshold for difference

The distance between two numeric values can be better illustrated by Figure 5.1

d(Vl Vo )A
1

0 >
Teq Tar |V1 - V2|

Figure 5.1. The ramping function (Hong, 1994).

Another important issue in the design of a distance function is feaure weighing. Distance-
based learners like kernel models can be quite sensitive to the presence of irrelevant
feaures. These irrelevant variables can distort the distance between two cases. Fedure
weighing can help to reduce the influence of irrelevant feaures by better “tuning” the
distance function. Several different approadches exist in the literature (see Wettscherek et.
al., 1997 for areview in the mntext of k-Neaest Neighbours). Recently, Robnik-Sikonja
& Kononenko (199%) presented a method for estimating variable relevance in the cntext
of regression, based on a previous work on Relief (Kira & Rendell, 1992 Kononenko,
1994). They described an algorithm called RReiefF and successfully applied it in the
context of regression trees. We use this method for estimating the weights of the variables
that are used in distance @lculations.

The distance function defined above @an be used to cdculate the distance between a
query point and any case belonging to the training data. Kernel models obtain the
prediction for a query case using a weighed average of the Y values of the training cases
within a cetain neighbourhood. The size of this neighbourhood is another key issue of
kernel regression and local modelling in general. This sizeis determined by what is usually

known as the barmdwidth parameter, h. Many alternatives exist in the vast literature of
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kernel modelling (e.g. Cleveland & Loader, 1999 that describe how this parameter should
be set. The simplest strategy consists of using a maximum distanceto the test case x4 as the
bandwidth value (Fan & Marron, 1993. Neaest neighbour bandwidths (Stone,1977
Cleveland, 1979, choose the distance to the k" neaest training case @ the bandwidth size
This was the method we have alopted. Other hypothesis include the use of optimisation
proceses that find the best value of the bandwidth either for ead test point or globally
(e.g. Atkeson et al.,1997).

All the training points within the specified bandwidth are used to cdculate the
prediction for a given query case. However, they enter with different weights. Training
points that are nearer to the test case ae given more importance. This weighing schema is
acomplished through the use of what is usually known as the kernel (or weighing)

function. We use agaussian kernel function with the form,

2

K(d)=¢e" (5.3)

where, d is the distance between the query point and the training cases under consideration.

Atkeson et. al. (1997 claim that the doice of the kernel function is not a aitical design
issue & long as the function is reasonably smooth. Still, other alternatives include tricube
functions (Cleveland, 1979, quadratic functions, etc. Notice that when the bandwidth
parameter is t to the distance of the K" neaest training case and we use a uniform
kernel®*, kernel regression is in effed a k Neaest Neighbour model (Fix & Hodges,1951;
Cover & Hart,1967).

Having defined the major design issues of kernel regresson we can obtain the

prediction for query point X4 using the following expressgon,

k)=~ 4 Ka@—(x“xf*)g' (5.4)

“sksd g h Y
where,

d(.) isthe distance function between two instances (Equation 5.1);
K(.) isakernel function;

4 A uniform kerne function gives the same weight to all cases within the bandwidth.
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his a bandwidth value;
<x, Y>> isatraining instance;

and SKsisthe sum of the weights of all training cases, i.e. SKs= a Ké

QIIO

5.2.2 Local Polynomial Regression

Local polynomial regression is a generalisation of kernel regression. In effed, kernel
regression can ke regarded as fitting a polynomial of degree zeo (a onstant) in the
neighbourhood of a given query point. Kernel regresson is known to suffer from the lack
of symmetry nea the input spaceboundaries (Hastie & Loader, 1993. These difficulties
lead to the development of local polynomial regression where apolynomial of degreep is
fitted in the neighbourhood of the query point (Stone, 1977 Cleveland, 1979 Katkovnik,
1979. This includes kernel regression (p=0), local linear polynomials (p=1), and cther
settings. Within our work on local regression trees we use polynomials of degreel, that is
local linear polynomials.

Fitting a global linea polynomial using a least squares error criterion consists of
finding the vedor of parameters b that minimises the sum of the squared error, i.e.
(Y - Xb)¥Y - Xb), where Xddenotes the transpose of matrix X. After some matrix
algebra the minimisation of this expression with resped to b leals to the following set of
equations, usually referred to asthe normal equations (e.g. Draper & Smith, 19817),

(XeX)b = X ¢y (5.5)

The parameter values can be obtained solving the equation,
b =(XeX)Xey (5.6)

where Z denotes the inverse of matrix Z.

As the inverse matrix does not always exist this process siffers from numericd instability.

A better dternative (Presset al., 1992 is to use aset of tedhniques known as Snguar
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Value Decompasition (SVD), that can be used to find solutions of systems of equations
withthe formXb =Y.

Regarding local linear polynomials the main difference with respect to gobal linea
regression, is that ead training point has an asciated weight that is a function of its
distance to the query point. In order to fit alocal linea polynomial given a query point Xq,
we ned to find the model parameters that minimise,

4 (- bx) K _— )a

(5.7)

QoS

where,

K

|s the weight associated to ead training case;
d() |sad|stancefunction;

K(.) akernel function;
and h the bandwidth.

According to Draper & Smith (1981, p.109) in the cae of weighed least squares the
normal equations are,

(XWX )b = Xewy (5.8)
where, W is adiagonal matrix of weights, i.e., W = diag(wy, Wo, ..., Wy).

Let us define the following auxiliary value for ead training case,

(5.9)

Using matrix notation the following relation holds,
Vv =W (5.20

where,
V =diag(vy, Vz, ..., Wn);
and W = diag(wa, W, ..., Wh).

Using this relation and Equation 5.8 we have,
(Xevev X)b = Xaevav Y (5.12)
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or by a change of variables,

(z&z)b=z®@ (5.12)

where,

Z=VX,;

and Q= VY.
This latter equeation is in the same format as Equation 5.5, which means that it can be
solved uwsing the same numericd procedures (i.e. inversion of Z or through the SVD
method). This means that to obtain the solution for alocal linea polynomial given a query
point, we just need to cdculate the auxiliary weights, v; (Equation 5.9), and multiply these
weights by the matrices X and Y, obtaining matrices Z and Q that can ke feed in the SVD
routine>,

We also use a badkward elimination technique (e.g. Drapper & Smith, 1981 to

simplify the models obtained through the SVD procedure. Thisis an iterative technique for
progressively eliminating terms of a linear polynomial on the basis of pre-defined

thresholds of at-Student test.

5.2.3 Semi-parametric Models

The main idea behind semi-parametric models (e.g. Hardle, 1990 is to incorporate in a
single model both local (non-parametric) and parametric components. For instance, partial
linear models (Spiegelman, 1976 Hardle, 1990 integrate alinea component with a kernel
model. A partial linea model can be described by,

Y =bX +m(x) (5.13)

where,
bX isaleast squares linea model with parametersb;
and m(.) isakernel regresson model.

%5 Noticethat if weincludeall training cases in the matrix X, and use a uniform weight for all cases, we have

in effed aglobal least squares linea regresson modd.
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One way of using these models is to first generate the parametric component of the model
(i.e. generate the global linea polynomial) and then apply kernel regression on the
residuals (errors) of this model. Here we follow this approach. We start by calculating the
linead model using the standard SVD tedhnique. Given a query point we identify the
training points within the specified bandwidth. For ead of these training cases we

calculate the residuals of the linear model,

r=bx, -y, foreachx;,y;)I bandwidthof x, (5.14)

A kernel prediction for the residual of the query point is then obtained with these
“training” residuals. Finally, the predicted residual is added to the linea model prediction
for the query point, giving the partial linear model prediction. Formally, this corresponds
to,
1 g alx)o
rix,)=bx, - —q Ke————=" [bx, - vV, 5.1

where, Ksisthe sum of the kernel weights.

These models can be seen as performing a local “correction” on the global linear model

predictions represented by bxq.

5.3 Integrating Local Modelling with Regresson Trees

The methods described in Chapter 3 for inducing a regression tree &3ume @nstant values
in the treeleaves. In the cae of LS regression trees this constant is the average Y value of
the training cases, while in the cae of LAD treesit is the median. We have seen that these
constants minimise the respedive eror criteria (Theorem 3.1 and Theorem 3.2).
Regression functions usually have a cetain degree of smoothness Moreover, they tend to
be continuous. The gproximation provided by regresson trees is a kind of histogram-type
surface As an example suppose we want to model the function Y = sin(X). Let us assume

that the only information we give aregression treelearner is a set of 100 cases randomly
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generated using the function Y = sin(X) + N(O,1), where N(0,1) is a gaussan noise function
with average 0 and variance 1. The gproximation provided by a LS regression tree is

shown in Figure 5.2

15
sin(x) —

tree+avg —o-

train + |

05

-1.5

Figure 5.2. The approximation provided by a LSregresson treeto the function sin(X).

The gproximation of the true function provided by the treeis highly discontinuous and
non-smooth curve. These two fadors are usually considered the main disadvantages of
treebased regression (Friedman, 1991). In this chapter we describe gproades that
integrate trees with certain smoother models 9 as to minimise these effects. This achieved
by using different models in the treeleaves. As a motivating example, Figure 5.3 shows the
approximation provided by a regression tree with kernel models in the leaves instead of

averages, using exaaly the same training dcata of the example presented above:
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15

sin(x) —
tree+kr(3) -
train + |

05

-05 +

-1.5

Figure 5.3. The approximation of an LSregresson treewith kernel modelsin the leaves.

Local models by themselves provide highly smooth function approximations. However,
they have several drawbadks. Firstly, these techniques do not generate any comprehensible
model of the data. Secondly, they demand storing all given training data. Thirdly, they
have difficulties in domains where there ae strong dscontinuities becaise they assume
that neaby data points have similar target variable values. Finally, the computational
complexity of local modelling methods is high when the number of training cases is large
(e.g. Deng & Moore, 199%). This latter problem is particularly serious when using local
polynomials. Several techniques exist that try to overcome these limitations. Sampling
techniques, indexing schemes like kd-trees (Bentley, 1975; Deng & Moore, 1995 or
ADtrees (Moore & Lee 1998, and instance prototypes™® (Aha, 1990 are some of the
methods used with large samples to deaease the cmmputation time.

We propose to integrate local modelling with regression trees with the objedive of
overcoming some of the limitations mentioned ealier. On one hand, by using local models

in the treeleaves we aim at achieving smoother function approximation, limiting thus the

%6 Which also have the advantage of deareasing the storage requirements.
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effeds of using constant value gproximations. On the other hand, the use of local models
in the treeleaves provides a focusing effect that allows calculating the predictions of local
models more efficiently. This is achieved by avoiding going through all training points to
find the gpropriate nearest neighbours, limiting this sarch to the caes in the leaf reached
by the query point. Moreover, the tree structure is a more wmprehensible model of the
regression surface which is not the cae when using the local models alone. Finally, the
use of a treedructured model allows us to better ded with domains with strong
discontinuities. Thus the main goals of our integration proposal are the following:

Improve standard regression trees smoothness, leading to superior predictive acairacy.
Improve local modelling in the following aspects:

Computational efficiency.

Generation of models that are more comprehensible to human users.

Capability to ded with domains with strong dscontinuities.

5.3.1 Method of Integration

The main decisions concerning the integration of local models with regression trees are
how, and when to perform it. Threemain alternatives exist:

Asaume the use of local models in the leaves during all treeinduction (i.e. growth and
pruning phases).

Grow a standard regression tree and use local models only during the pruning stage.
Grow and prune astandard regression tree Use local models only in prediction tasks.

The first of these alternatives is more @nsistent from a theoretical point of view as the
choice of the best split depends on the models at the leaves. This is the gproac followed
in RETIS (Karalic, 1992, which integrates global least squares linear polynomials in the
tree leaves. However, obtaining such models is a computationally demanding task. For
each trial split the left and right child models need to be obtained and their error calculated.
We have seen that even with a simple model like the average, without an efficient
incremental algorithm the evaluation of all candidate splits istoo heary. This means that if

more @mmplex models are to be used, like linear polynomials, this task is pradically
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unfeasible for large domains®’. Even with such incremental algorithms we have seen that
there is a heavy penalty to pay with a simple model like the median. The eperiments
described by Karalic (1992 used data sets with few hundred cases. The author does not
provide any results concerning the cmmputation penalty of using linea models instead of
averages. Still, we claim that when using more wmplex models like kernel regresson this
approach is not feasible if we want to achieve areasonable mmputation time.

The send alternative is to introduce the more complex models only during the
pruning stage. The tree is grown (i.e. the splits are chosen) assuming averages in the
leaves. Only during the pruning stage we @nsider that the leaves will contain more
complex models, which entail s obtaining them for ead node of the grown tree. Notice that
this is much more dficient than the alternative mentioned above, which involved obtaining
the models for ead trial split considered duing the tree growth. This latter method is the
approach followed in M5 (Quinlan, 1992. This system uses global least squares linea
polynomials in the treeleaves but these models are only added during the pruning stage.
We have acessto a version of M58 and we have @nfirmed that this is a @wmputationally
feasible solution even for large problems.

In our integration task we have followed the third alternative. In this approach the
leaning processis sparated from prediction tasks. We generate the regression trees using
any of the two “standard” methodologies described in Chapter 3. If we want to use the
leaned treeto make predictions for a set of unseen test cases, we can choose which model
should be used in the treeleaves. These @an include complex models like kernels or local
linea polynomials. Using this approach we only have to fit as many models as there ae
leaves in the final pruned tree The main advantage of this approad is its computational
efficiency. Moreover, it also allows trying several alternative models without having to re-
lean the tree. Using this approach the initial tree ca be regarded as a kind of rough

approximation of the regression surfacewhich is comprehensible to the human user. On

57 Particularly with large number of continuous variables.

8 \/ersion 5.1
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top of this rough surface we may fit smoother models for ead data partition generated in
the leaves of the regression treeso as to increase the predictive acaracy®™.

In our study of integrating smoother models with regression trees we consider the use
of the following alternative models in the leaves:

Kernel models.
Local linea polynomials.
Semi-parametric models (partial linear models).

We will refer to the resulting models as local regresson trees.

All the alternative models mentioned above ae alded duing the prediction phase. In
this asped our system behaves like a‘lazy leaner’. Given a query case we drop it down
the tree until a leaf has been readed. Then we use the seleded model type to obtain the
prediction for the cae. As we ae using local models this involves obtaining the neaest
training cases of the query case. Thistask is carried out using only the training cases in the
leaf reached. This has large mmputational advantages when compared to approaches that
need to consider all training cases when searching for the neighbours, as local modelling
techniques do. In the cae of partial linea models the computation of the parametric

component neals to be done only oncefor eat led (not for ead query case).

5.3.2 Anillustrative example

In this sedion we present a small example that illustrates the gproximations provided by
different models in the leaves of aregression tree The example is simple so asto allow the
graphical presentation of the obtained regression surfaces. The goal in this example is to
approximate the function | (X,Y) = sin(X" Y) + cos(X+Y). We have randomly generated a
training set with 1000cases using this function plus me gaussian moise. Figure 5.4 shows

the function and the training data:

%9 This grategy somehow resembles the two-tiered concept representation described in Michalski (1990) for

clasdgfication probems.
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Figure 5.4. The aurveandthetraining daa.

We @n use the training dita to grow a regression tree ad then plot the gproximations
provided when using the different models in the leaves. In Figure 5.5 we show the results
when using averages, global linea polynomials (top part), kernel models and local linea

polynomials (bottom part) in the leaves of the tree
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Figure 5.5. Approximations provided by using averages, linear poynomials, kernels and

local linear palynomials.



5.3 INTEGRATING LOCAL MODELLING WMITH REGRESSON TREES 18t

Figure 5.5 shows that when using local models (kernels and local linea polynomials) the

approximation is clealy much smoother.

5.3.3 Rdationsto Other Work

Integrating partition-based methods with other models is not an entirely new idea Several
authors have followed a similar integration schema for classificaion tasks. Assistant
Professional (a commercial version of Assistance 86, by Cestnik et al., 1987 alows the
use of a naive Bayesian classfier in the leaves of clasdfication trees. Smyth et. al. (19%)
integrate dasdfication trees with kernel density estimators (e.g. Silverman, 1986 to obtain
non-parametric estimates of class probabilities. The aithors report significant
improvements over dedsion trees and kernel density alone for certain class of problems.
However, their approach deals with discrete goa variables (i.e. classification) and not
regression as in our case. Other approaches within the classificaion scenario are EACH
(Salzberg, 1991) and RISE (Domingos, 1996 that generali se instances into exemplars.

Deng & Moore (199%) describe asimilar approach but for regression tasks. Their
multi res system integrates kd-trees with kernel regresson producing what they call kernel
regression trees. Kd-trees (Bentley, 1975 are amethod of structuring a set of records ead
containing a set of measured variables. They are binary trees built in a similar fashion as
regression trees. However, while regresson trees are built with the goal of grouping data
with similar Y values, kd-trees try to optimise the storage of these data points in order to
achieve faster access time. The @nsequence is that the splitting criterion of the two
approaches is completely different. Moreover, while we use asingle leaf of the regression
tree to obtain the prediction for a test case, multires obtains the prediction by a
combination of contributions of several nodes (not necessarily leaves). In multires the main
issue is obtaining an efficient way of structuring all the training cases to make kernel
regression computationall y more efficient.

Quinlan (1992 and Karalic (1992 have used global least squares linear models in

regression treeleaves. These authors follow a different integration method from ours as we
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have mentioned before. The M5 system (Quinlan, 1993 is also able to use regression trees
and k-NN models. However, this system performs prediction combination instead of
integrating the two methodologies like in our proposal. This means that two models are
independently obtained and their predictions combined.

The work of Weiss & Indurkhya (1995 integrates a rule-based partitioning method
with k-nearest neighbours. However, these aithors ded with regression by mapping it into
a clasgfication problem. The original Y values are mapped into a set of i intervals. One
problem of this approacd is that the number of intervals neals to be determined, which can
be cmmputationally demanding if one wants to ensure “optimal” acauracy of the resulting
models (Torgo & Gama, 1997). Moreover, the seach spaceexplored by rule leaners is
larger than the one of trees. This means that rule leaning systems may find solutions that
tree learners cannot, but at the st of computational complexity (Indurkhya & Weliss,
1995. These two latter observations indicate that our hybrid treeleaner should be able to
cope with larger problems than Weiss & Indurkhya’s system. Another important difference
when compared to our work involves the type of local models. Weiss & Indurkhya's
system uses k-NN while our system includes other more sophisticaed local modelling

techniques.

5.4 An Experimental Evaluation of Local Regresson

Trees

In this sedion we describe aseries of experiments that have been designed to chedk the
validity of our hypotheses concerning the advantages of local regression trees. Namely, our
aim was to verify whether the variants of our system were &le to overcome some of the
limitations of both standard regression trees and local models. With resped to standard
regression trees, we conjecture that the use of local trees brings a significant increase in
acaracy due to the use of smoother models in the tree leaves. Regarding local modelling

we hypothesise that local trees have three avantages. providing a wmprehensible model
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of the regression surface; significant advantages in terms of computation time; predictive

acaracy advantages in domains with strong discontinuities in the regression surface

54.1 Local Regresson Treesvs. Standard Regresson Trees

In this sedion we describe a series of experiments whose objedive was to chedk the

validity of the following hypothesis:

The use of smoather models in the tree leaves improves the predictive accuracy of tree

based regresson models.

We have also evaluated the mdgs in terms of computation time of local regression trees
when compared to standard trees.

Regarding local regression trees we have cnsidered the use of threedifferent models
in the tree leaves. kernel models, local linea polynomials and partial linea models. All
these three local modelling variants were described in Sedion 5.2. Locd modelling
techniques have many parameters that can be tuned. In the experiments reported below we
have not used feaure weighing. The bandwidth value was =t to the distance of the 10"
neaest neighbour®. The method of growing and pruning a tree (using LSS-ChiEst(95%))
was exadly the same for all compared methods (i.e. standard and local regresson trees).
The results of comparing the acaracy of standard regression trees with local trees are

shown in Figure 5.6.

%0 For local linea polynomials we have used alarger bandwidth (30% of all neaest neighbors) because these

local modds can lead to wild extrapolationsif they are built on the basis of small amounts of training cases.
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Figure 5.6 —Comparison d standard regressiontrees (RT) with local regresson trees
(RT+KR, RT+PL and RT+LL).

As these graphs show there is an overwhelming acaracy advantage of local trees,
particularly with kernel (RT+KR) and pertial linea models (RT+PL). However, even local
trees with local linea polynomials (RT+LL) achieve asignificant acaracy advantage in
most domains. This experimental comparison shows that local regression trees are ale to
significantly outperform standard regression trees in terms of predictive accuracy. Standard
regression trees (RT) provide anon-smocth approximation. The only difference between
RT and the three variants of local trees is that the latter use local models in the leaves.
Thus we @n claim that these experiments confirm with high statistica confidence our
hypothesis concerning the advantages of using smoother models in the leaves.

The acaracy gains reported above have a ©s in terms of computation time. Figure
5.7 shows the computation time ratio between a standard LSS-ChiEst(95%) regression tree

and the three local tree variants we have proposed. As the local trees were grown and
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pruned using the same procedure, the observed diff erences are only due to the use of local

models in the leaves.
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Figure 5.7 - Computation time ratio of standad andlocal regresson trees.

These ratios show that we can exped a considerable increase of computation time due to
the use of local models in the leaves. The increase is more marked for large data sets. Still,
as we will seein the next sedion, local regression trees are much faster than the local

modelling techniques alone.

5.4.2 Local Regresson Treesvs. Local Models

In this sedion we compare local regresson trees with the local models. We @wmpare the
acaracy and computation time of our threevariants of local regression trees, with the local

modelling techniques used alone (i.e. applied using all training data instead of with the data
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in the leaves of a tree. The local modelling techniques are the same used in the
experiments reported in the previous eaion: kernel models, partial linear models and local

linea polynomials. The models are goplied with the same parameter settings as those used

ealier.

The first experiment caried out was designed with the aim of cheding the empiricd

CHAPTER 5. LOCAL REGRESSON TREES

validity of the following hypothesis:

The use of local models in the context of the leaves of a regresson tree does nat entail an

accuracy lossand may even provide useful biasin damains with strong dscontinuiti es.

Figure 5.8 shows the significance of the estimated acairacy difference between the local

tree variants and the respedive local models alone.
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The results of this comparison confirm our hypothesis. In effect, we observe that the two
types of models entail quite different biases and both prove to be useful depending on the
domain. For instance, we know that the regression surfaceof the Mv artificial domain has
strong discontinuities (c.f. its definition on Appendix A.2). Our experiments confirm that
local regression trees achieve better results in this domain due to the type of approximation
provided. The reason for this performance is the following. A strong dscontinuity occurs
when reaby points of the unknown regression surface have quite different values of the
god variable. A local model is based on the notion of neighbourhood that is measured by a
metric in the space of inpu variables. As sich, these models are not able to use the
information concerning the fad that two neaby points may have avery different value of
the goal variable (as when facing a strong discontinuity). Thus local models will perform
the usual smoothing of the goal variable values of the neaby points, which will contribute
to a higher prediction error in the vicinity of the discontinuity. Regression trees, on the
contrary, are based on the principle of separating points with different goal variable values
because this will deaease the variance of the resulting partitions. Being so, when facing a
discontinuity, atreebased model will seach for a split in the input variables that ensures a
larger variance reduction, which most probably is achieved by separating the points on
each “side” of the discontinuity. By separating these points in different partitions, the local
models used within each one do not suffer the “bad influence” of the points on the “other
side” of the discontinuity.

The other conjedure we have made regarding the comparison of local regression trees
with local models was that the former are @le to overcome the computation time
limitations of local modelling. Figure 5.9 shows the results of comparing the computation

time of local trees and the respedive local models.
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Figure 5.9 - Computation time ratio of Local Regresson Trees and Local Models.

As it can be seen local regression trees successully overcome the computational time
limitations of local modelling. In effed, their advantage in terms of computation time is
overwhelming in the domains we have examined.

Finally, we remark that local regression trees have aiother advantage over local
models. In effed, local regresson trees provide asymbolic representation of the regression
surface while local models do not obtain any compad model of the data. This is an
important advantage despite the fad that this representation can only be regarded as a
“rough” description of the true surfaceas it does not include a @mpact description of the

local models used in the leaves.
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5.4.3 Local Regresson Treesvs. Linear Regresson Trees

Other authors have tried to improve the acaracy of standard regression trees by using
more mmplex models in their leaves. Namely, Quinlan (1992 and Karalic (1992 have
used least squares linea polynomials in the leaves of regression trees. In this sdion we
compare our local regression trees with system M5%' (Quinlan, 1992 that obtains
regression trees with linea polynomials in the leaves.

Figure 5.10 shows the acacracy comparison between our three aternative local

regression trees and M5.
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Figure 5.10 — Comparison between Local Regresson Trees and M5 in terms of

SgnificanceLevé of the MSE difference

1 M5 isalso able to combine the predictions of the generated treeswith kNN models. This feature was not
used in this comparison, asthe goal was to compare the use of local modelsin the leaves with other

aternatives (in this caselinea polynomials).
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Figure 5.10 shows that partial linea trees®? (RT+PL) clealy outperform M5 in most
domains. Partial linear trees are similar to the models generated by M5. Both use linea
polynomials in the leaves of atree The only differenceis that partial linea models add a
corredion fador to the linea polynomial predictions based on a local estimation of its
error (c.f. Section 5.2.3). These results show the importance of such smoothed corredion.
Both kernel regresson trees®™ (RT+KR) and local linea trees® (RT+LL) show advantage
with resped to M5 in Elevators, Kinematics, CompAct, CompAct(s), and Census(8L and
16H) domains. However, they achieve worst results in the Mv, Ailerons and Fried

domains.

5.4.4 Local Regresson Treesversus Existing Regresson M ethods

In this sedion we describe aseries of experimentsthat could determine how the best of our
local regression tree variants compares with severa state-of-the-art regression methods.
We have selected for this comparison the following regresson methods. CART (Breiman
et al., 1984 as a dassical representative of regresson trees; MARS (Friedman, 1991 as a
sophisticated statistical regression tool; and CUBIST (http://www.rulequest.com) as a
representative of a recent rule-based regresson system. All these systems were briefly
described in Chapter 2. As for local regression trees, we have selected local trees with
partial linea models in the leaves (RT+PL), as the most successful variant of this type of
models.

Figure 5.11 shows the results of an acaracy comparison of partial linea regression

treeswith CART, MARS and CUBIST.

%2 Regresson trees with partial linea modes in the leaves.
%3 Regresson trees with kerne models in the leaves.

%4 Regresson trees with local linea polynomialsin the leaves.
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Figure 5.11 — Comparison between Partial Linear Trees and dher regresson techniques

with resped to the Sgnificance Leve of the MSE difference

Our system that generates partial linear trees clealy outperforms CART. In most domains
the difference is gatistically significant. With resped to MARS, our local trees proved to
be superior in some data sets, particularly in Pole, D2, Kinematics, and the two Census
domains. However, our local regression trees had difficulties in some domains like Mv and
Fried®®.

Compared to CUBIST, partial linea models in the leaves of a treeproved particularly
advantageous in the D2, Elevators, Mv and Kinematics domains. Less relevant advantages
were atieved in the Pole, CompAct and CompAct(s) domains. CUBIST achieved some
advantages in the Abalone, Ailerons and Census(16H) domains. Finally, there ae two

curious results in the Census(8L) and Fried domains. In both these two domains CUBIST

%5 We should remark that this artificia domain was obtained from the paper describing MARS (Friedman,
199)), soitisonly natural that MARS behaves well on this data set.
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shows advantage with small training sets, which is lost as more data becomes available.
Still, the ladk of datistical significance of most of these results does not alow any

supported interpretation.

5.5 Conclusions

In this chapter we have presented a new type of treebased regression models, referred to
as local regression trees. We have described three variants of local trees that differ in the
models used in their leaves. kernel models, partial linea models and local linear
polynomials. Local regression trees are based on the assumption that using smoother
models in the tree leaves can kring about gains in acaracy. We have anfirmed this
hypothesis by carying out an extensive experimental comparison with “standard”
regression trees. Among the three proposed variants, we have observed that the use of
partial linea models in the leaves (RT+PL) led to the best overall acairacy. A comparison
with the alternative of using linear models in the leaves (as in M5, for instance) revealed
that local regresson trees achieve better results in several domains. As partial linear
models integrate both a parametric and a non-parametric component, this is a plausible
explanation for the fad that partial linea trees proved to be the most competitive variant
when compared to other variants of local regression trees.

Other motivations for considering the use of local models in the leaves of regression
trees are the well-known drawbacks of local modelling. In effed, not only these modelling
techniques are ommputationally demanding but they also do not provide a @mprehensible
model of the data. By integrating these models with regression trees we were ale to
overcome these two dfficulties, as our experiments have shown. Moreover, we have also
observed that the use of smoother models within the ontext of a partition-based
representation can be alvantageous in terms of acairacy, in domains where there ae

strong dscontinuities on the regression surface
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Finally, acarracy comparisons with state-of-the-art regression techniques demonstrate

that our partial linea trees achieve quite cmpetitive overall results.

55.1 Open Research Isaues

One of the drawbadks of local modelling techniques (or instance-based leaning in general)
is their requirement regarding the storage of all training data. This is also a drawbad of
our system based on local regresgon trees. It remains an open question whether we can
adapt some of the existing tedhniques to improve this asped in our system, without
compromising too much its acairacy advantages.

Local modelling has many tuneable parameters. In our experiments we did not try out
too many variants. It would be desirable to have some form of automatic tuning of these
parameters to facilitate the task of the user.

In our study we have cnsidered threekinds of local regression trees. All of them have
shown some alvantages in some domains. It is an open question whether it is useful and
pradical to have different local models in different leaves of the same regression tree This

could prove advantageous in domains where the regression surfaceis rather heterogeneous.



